The paper addresses the problem of calculation of the local stress field and effective elastic properties of a unidirectional fiber reinforced composite with anisotropic constituents. For this aim, the representative unit cell approach has been utilized. The micro geometry of the composite is modeled by a periodic structure with a unit cell containing multiple circular fibers. The number of fibers is sufficient to account for the micro structure statistics of composite. A new method based on the multipole expansion technique is developed to obtain the exact series solution for the micro stress field. The method combines the principle of superposition, technique of complex potentials and some new results in the theory of special functions. A proper choice of potentials and new results for their series expansions allow one to reduce the boundary-value problem for the multiple-connected domain to an ordinary, well-posed set of linear algebraic equations. This reduction provides high numerical efficiency of the developed method. Exact expressions for the components of the effective stiffness tensor have been obtained by analytical averaging of the strain and stress fields.
Introduction
The main aim of this paper is to develop an efficient analytical tool for computer simulation of the unidirectional fiber reinforced composite (FRC) materials with linearly elastic constituents possessing arbitrary anisotropy. At the present time, most results in the micromechanics of composites (regarding the local stress concentrations and the effective elastic properties, in particular) are obtained for materials with isotropic constituents. The needs of materials science, however, require a computational methodology that allows one to account for anisotropic behavior of the components. For instance, combining the anisotropic components provides additional ''degrees of freedom" in design of the application-oriented composites with prescribed properties. Another issue is manufacturing-induced anisotropy: in many cases, an anisotropy of the composite components is induced by cold or hot pressing, rolling, extrusion etc., or may arise due to the phase transformation process. During the service life, the damage-induced anisotropy may be developed due to the preferably oriented cracks in the components or due to partial interface debonding.
However, unlike the isotropic case, a very few accurate analytical results can be found in literature related to composites with anisotropic components due to significant mathematical difficulties arising in these problems. Note that the main difficulty is relevant to the anisotropy of matrix since the main approach to the solution of this problem is based on the Green's function (point body force solution) for an infinite solid. Mura (1982) type solution for a single inclusion in an anisotropic medium. Unfortunately, an implicit form of the solution does not allow one to apply it directly to the calculation of the effective properties of composites. Explicit relations for Eshelby's tensor are available for spheroidal inhomogeneity in a transversely isotropic matrix if the axis of matrix anisotropy and rotation axis of the spheroid coincide (Withers, 1989; Sevostianov et al., 2005) . The exact variational bounds and self-consistent estimates for the scalar properties of anisotropic composites were obtained by Willis (1977) . A two dimensional problem for arbitrarily oriented elliptic hole in an orthotropic matrix have been solved by Tsukrov and Kachanov (2000) using the complex variable method. We also have to mention a number of papers addressing composite materials with transversely isotropic piezoelectric phases, from where the elastic properties can be extracted as a particular case. Detailed literature review on this topic is given by Sevostianov et al. (2001) .
The main difficulty appearing in all these papers is the construction of the explicit solution of Eshelby's problem. Recently, completely different method of multipole expansion has been developed to obtain semi-analytical solutions for stress concentration (Kushch, 2003) and for the effective elastic stiffness tensor (Kushch and Sevostianov, 2004) of the quasi-random, spherical particles reinforced composite with transversely isotropic phases. The method uses the so-called ''representative unit cell" (RUC) approach. The basic idea of this approach consists in modeling an actual micro geometry of the composite by the periodic structure with a unit cell containing several inhomogeneities. Then, the homogenization boundary-value problem is stated and solved for the unit cell. Sometimes, this model is referred also as the ''lattice" one to reflect the fact that the inclusions form a periodic array. The model provides a natural way, through the periodic boundary conditions on the opposite cell facets, to take into account interactions among a whole infinite array of inhomogeneities. Also, the deterministic (although rather complicated) geometry of unit cell enables an accurate solution of the corresponding periodic boundaryvalue problems. These features make the unit cell approach to be appropriate for studying the high-filled strongly heterogeneous composites, where the mutual positions and interactions between the fibers should be taken into account.
RUC approach has been successfully applied to calculate elastic properties of composites with isotropic constituents (see, for example, Kantor and Bergman, 1982; Iwakuma and Nemat-Nasser, 1983; Nunan and Keller, 1984) and research activity is still high here (Helsing, 1995; Cohen and Bergman, 2003; Bonnet, 2007; Drago and Pindera, 2007; Kushch et al., 2008; among others) . At the same time, to the best of our knowledge, a very few publications are available by now in literature where the simplest one-fiber cell model of unidirectional fiber reinforced composite with anisotropic phases was studied. Rodriguez-Ramos et al. (2001) and Guinovart-Diaz et al. (2001) have considered the square and hexagonal periodic composites with transversely isotropic matrix and fibers where the anisotropy axis was oriented along the fiber direction. There, the Kolosov-Muskhelishvili's technique of complex potentials has been applied to obtain the closed form expressions for the effective moduli. Probably, the most comprehensive work in the area has been done by Golovchan (1982a) and Golovchan (1982b) where the general phase anisotropy case for the two-dimensional (2D) periodic FRC was considered. However, the solution obtained there is rather implicit and does not provide the ready-to-use algorithm of obtaining the numerical data.
In the present work, the analytical approach proposed by Kushch et al. (2005) has been further developed and applied for studying the local stress and the effective elastic properties of unidirectional FRC composite with anisotropic phases using the 2D cell model. By considering the elasticity problem as two-dimensional, we assume implicitly or ij =ox 3 ¼ 0: within this framework, (a) plane strain, (b) plane stress and (c) anti-plane shear (in x 3 -direction) problems can be studied. The most general case of elastic anisotropy which can be considered in the framework of 2D statement is the monoclinic symmetry with the Ox 1 x 2 being the symmetry plane. In the two-index notation, the generalized Hooke's law r ij ¼ C ijkl e kl for this symmetry type has the form r 11 r 22 r 33 r 23 r 13 r 12
e 22 e 33 2e 23 2e 13
In the case of the fibers aligned in x 3 -direction, a composite possesses the same anisotropy type of macroscopic elastic moduli. The paper is organized as follows: in Section 1, the basic technique of the method has been exposed and applied consecutively to the anti-plane shear problem for a single fiber, a finite array of fibers and the cell model of FRC. In Section 2, the plane strain problem has been analyzed in a similar way. Then, the exact expressions of the effective stiffness tensor have been derived by analytical integrating the strain and stress fields within the representative unit cell. Next, a numerical example is presented which demonstrates the convergence rate of solution, stress concentration and effective stiffness variation depending on the volume content and anisotropy degree of constituents. The auxiliary theoretical results are given in Appendices.
Anti-plane shear

Outline of the approach and basic formulas
We start with the problem of the shear deformation along the fiber axis where u 3 is the only non-zero component of the displacement vector: 
is satisfied identically. Substitution (4) into (3) yields the equilibrium equation for displacement w:
Introducing the complex variable n ¼ x 1 þ lx 2 (see, e.g., (Lekhnitsky, 1963) ), where,
is the complex root of the characteristic equation
and, hence, the well-developed theory of analytical functions (see, e.g., (Muskhelishvili, 1953) ) can be applied to solve this problem. In particular, one can find w as w ¼ Re W, where W is an analytical function of complex variable n. Alternatively stress function Wðx 1 ; x 2 Þ can be introduced (Lekhnitsky, 1963) as follows:
It leads to the stress field that identically satisfies the equilibrium Eq. (3). To provide the strain compatibility (5), we inverse the relationships (4) to get (9) and (10) into (5) yields
This expression is equivalent to (6) and also can be reduced to the Laplace equation in the same way. Therefore, representation Wðx 1 ; x 2 Þ ¼ Re U, can be written, where U is an analytical function of complex variable n.
Moreover, taking into account that
Eqs. (3)-(9) yield W ¼ iU; i.e., w ¼ Re W ¼ ÀIm U. As a result, the boundary-value problem (BVP) for w can be formulated as a problem of the potential theory either in terms of W or U. The latter one is preferable since it allows one to simplify a form of the matrix-fiber bonding conditions. So the normal traction at the interface can be written as
where n 1 and n 2 are the outward normal direction cosines and ðq; uÞ are the circular coordinates defined by
Remark 1. Introducing the new variable n ¼ x 1 þ lx 2 is equivalent to affine transformation of the complex plane. As shown above, it allows one to reduce the BVP of the theory of elasticity to the Laplace equation in the transformed coordinates. However, any affine transformation deforms the circular matrix-fiber interface into the elliptic one. Due to that we have to find such form of the solution that provides an efficient fulfilling the bonding conditions at the elliptic interfaces. Recently, an analytical method was developed by Kushch et al. (2005) and an accurate solution has been obtained for a finite array of elliptic fibers embedded into an infinite matrix. The method is based on the properly taken sets of outer and inner potentials and the relevant re-expansion formulae providing an efficient reduction of the initial BVP to the linear algebra problem. As shown below, this method, with some modifications, is appropriate for the problem under consideration.
Following Kushch et al. (2005) , we write a general solution of the potential theory problem in the domain containing no singular points (regularity area) as a series
where summation is done over all integer À1 < n < 1. In the expression for t, the sign of the square root is chosen to keep Imt P 0, d is the matching parameter and D n are the complex constants to be determined. Note that 2n=d ¼ t þ 1=t; and
is the n-th degree Chebyshev's polynomial of complex variable n=d. As shown by ) the regularity of UðnÞ
In contrast, the series expansion of the disturbance field (vanishing at infinity) contains the negative pow-
Àn , where A n ¼ 0 for n 6 0.
A proper choice of parameter d provides a remarkably simple form of (14) at the circular interface q ¼ R. In particular, for
And expression (14) at the interface turns to be a Fourier series for u. Moreover, d can be considered as a parameter of anisotropy: for an isotropic solid, d 0. In the limiting case d ! 0,we have
Hence, it is reasonable to use, at least for a weakly anisotropic material, the normalized expansion coefficients f
in order to prevent a possible numerical errors accumulation.
Single inclusion problem
First, we apply the basic technique described in the previous subsection to the simplest model problem, namely, a single fiber of radius R embedded in an infinite matrix. Both the matrix and fiber materials are assumed to be anisotropic with the elastic stiffness tensors C À ¼ fC
Hereafter, we will mark all the matrix-related parameters by the sign ''À" and the fiber-related ones by the sign ''+". The uniform far field loading is prescribed by the constant strain tensor E ¼ fE ij g; in the context of a given problem, only E 13 and E 23 are non-zero.
We assume perfect bonding between the matrix and fiber, i.e.,
The displacement field w þ in the fiber is regular and hence can be expanded into series (14):
À in the matrix can be written as a sum of the external linear field w À 0 and the disturbance field w À 1 caused by the fiber, that decays at infinity. We seek w À in the form
where C ¼ C 1 þ iC 2 and a n ¼ 1 2
nm being the Kronecker's delta. The linear displacement field corresponding to the constant train tensor E is w
On the other hand,
that yields
The interface conditions (17) written in terms of complex potentials U À and U þ take the form
Without loss of generality, we can take the center of the fiber (=origin of coordinate frame) as a reference point, that provides D 0 ¼ 0. All other coefficients will be defined from the conditions (22). Thus, substitution of (18) and (19) into the first condition of (22) yields
Now, equating the coefficients at likely terms in the left and right hand parts of (23) we obtain a set of linear equations
The second condition of (22) gives rise to a similar linear set:
The Eqs. (21), (24) and (25) form a closed infinite system of linear equations with the unknowns A n and D n . It can be solved numerically with any desirable accuracy by the truncation method (Kantorovich and Krylov, 1964) . However, in the considering problem, we take A n ¼ D n ¼ 0 for n > 1 and an analytical solution of the problem is easily found from the two remaining equations in (24) and (25) for n ¼ 1. In particular, the displacement field in the fiber is linear which agrees with the Eshelby's theorem (Eshelby, 1959) . Also, as seen from (24) and (25), a remotely applied polynomial in t (and, according to (15), in x and y) displacement field induces in the fiber the polynomial displacement field of the same order, in accordance with the polynomial conservation theorem (Kunin and Sosnina, 1971 ).
Finite array of fibers
Now, we consider an infinite matrix domain containing a finite number N fib > 1 of circular fibers centered in the points Z q ¼ X 1q þ iX 2q of the complex plane and aligned in z-direction. With no loss of generality, we put Z 1 ¼ 0 as a reference point. In order to reduce the number of problem parameters and to simplify the notations, we assume all the fibers being of the same size and having the same elastic properties:
In the framework of the exposed method, considering the case of polydisperse and multiphase composite is rather straightforward and does not meet any problems. The conditions in the remote points and at the interface are the same as in the previous problem, Eq. (17):
andis defined by the equation x 1q þ ix 2q ¼expðiu q Þ. Here, O q x 1q x 2q is the local Cartesian coordinate system with the origin in the center of qÀth fiber. All other parameters related to this fiber will be marked by subscript ''q". Thus,
Similarly to (18), the displacement field in q-th fiber can be written as
Following the superposition principle, we write solution in the matrix domain as a sum of the far linear field w À 0 and the disturbance fields w À q caused by each individual fiber:
A np and D nq in (27) and (28), are unknown coefficients to be determined from the boundary conditions (26). We have to apply the local expansion for w À in a vicinity of the qth fiber center, Z q . Such an expansion for w À 0 is rather simple taking into account that n À ¼ n 
where
We also took into account that a nq ¼ a Àn;q and A nq ¼ 0 for n 6 0. 
Cell model
The single-and multiple-inclusion problems considered above can be viewed as the micromechanical models of FRC. Note that the work done up to date in the mechanics of matrix composites is mostly based on the models of this kind starting from the celebrated works by Eshelby (1959) and Hill (1965) . The ''finite array of fibers" model can be applied to evaluate the effective moduli of composite in sevaral ways, for example, by combining it with the renormalization scheme (e.g., (Chen and Acrivos, 1978) ) or in the framework of the embedding method (Wang et al., 2005) . Presently, with a rapid progress in the computing technologies, the advanced cell type models become more and more popular. Their basic idea contains in modeling of actual microgeometry of a composite by a periodic structure with a unit cell containing several fibers. Then, the homogenization boundary-value problem is stated and solved for the unit cell. The advantage of this model is that it provides a natural way to account for interactions over entire array of inhomogeneities. Besides, the deterministic cell geometry enables an accurate solution of the model BVPs. These features make the unit cell approach to be appropriate for studying the high-filled strongly heterogeneous composites, where the structure and interactions between the fibers significantly affect the overall material properties.
The RUC model of the FRC, shown in Fig. 1 , represents a natural generalization of the ''finite array of fibers" model studied in the previous subsection. Namely, we consider a quasi-random model of the composite structure with the periods a and b along the axes Ox 1 and Ox 2 , respectively. A unit cell of this structure contains a certain number of circular fibers aligned in x 3 -direction. The fibers can be placed arbitrarily within such a cell providing they do not overlap. The fiber embedding conditions are given by the Eq. (26). The fibers whose edges are shown in Fig. 1 by dashed line do not belong to the cell while occupying a certain area within it. Thus, geometry of the unit cell is given by its length a, height b and the coordinates (X 1q ; X 2q ) defining the center of qth fiber, q ¼ 1; 2; . . . ; N fib . The entire composite is obtained by translating the cell along two orthogonal directions. Number N fib of the fibers with centers inside the cell can be taken sufficiently large to simulate the micro structure of an actual disordered composite.
The stress field in the composite bulk is assumed to be macroscopically homogeneous, which means constancy of the volume-averaged, or macroscopic, strain E ¼ fE ij g ¼ fhe ij ig and stress S ¼ fS ij g ¼ fhr ij ig tensors, where hf i ¼ V À1 R V f dV and V is the cell volume. Sometimes, the last one is called as a representative unit cell (RUC) in contrast to the representative volume Fig. 1 . RUC of the composite. element (RVE), which characterizes heterogenous materials with statistically homogeneous microstructures at an appropriate scale; for more discussion about it see, for example, Drago and Pindera (2007) . We mention only that for a statistically homogeneous composite structure and a macroscopically homogeneous stress field (relevant to the present paper), these two volumes are equivalent in the sense that averaging over RUC and RVE gives the same result provided the latter one is taken sufficiently large.
In the present problem, the remotely applied load is prescribed through the macroscopic strain tensor E. This statement is typical in the homogenization problem where the macroscopic, or effective, moduli are to be determined. In contrast, the macroscopic stress tensor S as the load parameter is more convenient to describe the local stress concentrations. This problem is discussed in detail in Section 4.
Under a macroscopically homogeneous stress condition, the periodicity of the structure induces the periodicity of the relevant physical fields. In our case, the periodicity condition r ij ðx 1 þ a; x 2 Þ ¼ r ij ðx 1 ; x 2 þ bÞ ¼ r ij ðx 1 ; x 2 Þ ð33Þ can be alternatively regarded as the cell boundary condition providing continuity of the displacement and stress fields between the adjacent cells. It is convenient for our analysis to rewrite the condition (33) in terms of displacement w À as wðx 1 þ a; x 2 Þ À wðx 1 ; x 2 Þ ¼ E 23 b and wðx 1 ; x 2 þ bÞ À wðx 1 ; x 2 Þ ¼ E 13 a:
To obtain an accurate solution of the BVP stated above, it suffices to replace the singular potentials U À p in (28) with their periodic counterparts
where t Ã n ðn p Þ are the periodic analytical functions introduced by the formula (B.1) of Appendix B. First, we substitute (35) into (34) and obtain (accounting for the periodicity of t Ã n (B.2)), the following expression
where C, is given by expression (21). The subsequent flow of solution resembles the already exposed procedure with some minor modifications. In particular, the re-expansions (B.3) and (B.5) are to be used instead of (29) to get a local field series expansion. As a result, we obtain the infinite set of linear algebraic Eq. (32), where in the a nq expression (31) the expansion coefficients g pq nm should be replaced with the corresponding lattice sums g Ãpq nm , given by the formula (B.4) for p ¼ q and by the formula (B.6) otherwise.
Plane strain
Now, we proceed with the plane strain problem u 1 ¼ uðx 1 ; x 2 Þ; u 2 ¼ vðx 1 ; x 2 Þ, u 3 ¼ 0. Non-zero components of the strain tensor are given by
Components of the strain tensor are related to the stress tensor components by the Hooke law 
and the equilibrium equations take the form
General solution
Similarly to the anti-plane shear problem, the general solution for the plane strain problem (39) is constructed using the stress function. This procedure is described in detail in the book of (Lekhnitsky, 1963) , so we reproduce here only the final results required for further analysis:
Here, U j ¼ U j ðn j Þ ðj ¼ 1; 2Þ are the analytical functions of the complex variable n j ¼ x 1 þ l j x 2 and U 0 j ¼ oU j =on j . Hereafter the summation convention is assumed. The complex numbers l j ð Iml j > 0Þ are the roots of the characteristic equation
Thus, analysis of the problem reduces to finding two analytical functions U j . To satisfy the interface bonding conditions, we will use the functions introduced in the previous Section. We assume the perfect bonding between the matrix and fibers; i.e., the displacement u and normal traction t n ¼ r Á n vectors are continuous through the interface:
Note that, in contrast (17), vectors u and t n contain two components. The first condition in (43) is fulfilled by equating the Cartesian components of u so we have
where, ½½g means a jump of g through the interface q ¼ R and the values labeled with ''+" and ''À" are related to fiber and matrix, respectively. As shown by Lekhnitsky (1963) , the normal stress continuity condition (43) is equivalent to
Following from the Eqs. (40)- (45), a general solution to the plane strain problem for anisotropic solid is expressed in terms of harmonic potentials only and appears to be more simple than the isotropic case where a general solution involves biharmonic term as well. Thus, the technique developed for the anti-plane shear problem can be applied equally to the plane strain problem.
Single inclusion problem
We begin with the problem of a single circular fiber embedded into an infinite matrix. The uniform far field loading is prescribed by the constant strain tensor E ¼ fE ij g where, unlike the problem considered in the Section 2.2, the non-zero strain tensor components are E 11 E 22 and E 12 .
Similarly to (17), (18), we write the matrix displacement vector u À as a sum of the remotely applied field u 
where C j , A nj and D nj are the complex constants to be determined. The C j are defined by the applied displacement field:
that uniquely determine C j .
Next, we substitute (46) and (47) into the conditions (44), (45) and use property (16) to obtain a system of linear algebraic equations analogous to (24), (25). We re-write the bonding conditions (44), (45) in the unified way (no summation in k)
where , j1 ¼ p j ; , j2 ¼ q j ; , j3 ¼ 1 and , j4 ¼ l j . We transform each of these equations to get consequently:
where a nj ¼ 1 2
Together with (48), these equations form a complete system of equations for A nj and D nj . In the case of the Eshelby's problem, A nj ¼ D nj ¼ 0 for n > 1 and the problem is reduced to four Eq. (48).
Array of fibers
An analysis of the plane strain problem for the many-fiber geometry described in Section 2.3 is a mere compilation of the results exposed above, so here we give only a brief summary of the relevant formulas. The boundary conditions to be satisfied are
or, in terms of harmonic potentials,
Here,
where n
By analogy with (28),
Procedure of the local Fourier series expansion for U À j is quite similar to that described above (see Eqs. (29)- (31)). After some algebra, we get
The resulting infinite system of linear equation is
Alternatively, one may consider (56) as a solution for the problem of a single inclusion in the non-uniform far field, provided the last one is expressed in terms of regular potentials with the coefficients a nqj . Then the solution for the plane strain problem of the cell type model of FRC requires only minor changes in the algorithm and formulas given above, see Section 2.4. Note, finally, that expansion of the developed analytical approach to the generalized plane strain problem of FRC models considered above is rather straightforward, see Golovchan (1982a,b) .
Effective stiffness tensor
In the present section, we focus on the cell model accounting for the micro structure of real FRCs and thus giving the most adequate prediction of their elastic behavior. The analytical solutions obtained in the previous Sections provide an accurate and efficient method to evaluate the strain and stress fields at any point of the cell model composite domain and thus allow to perform a comprehensive parametric study of the local stress concentration in FRC depending on volume fraction and arrangement of fibers, loading type, anisotropy degree of the matrix and fiber materials, etc. On the other hand, the strain and stress fields given by this solution can be integrated analytically to get the exact closed form expression for the macroscopic, or effective, stiffness tensor C Ã defined by
where hÁi means average over the RVE. In the problem we consider, the stress field is macroscopically homogeneous and governed by the strain tensor E. Also, RVE coincides with the cell volume and, due to the structure periodicity,
where V is a cell volume. In our case, V ¼ ab (unit length is assumed in z-direction).
To evaluate he ij i,we write
where V p ¼ pR 2 is the volume of pth fiber and V m ¼ ab À NpR 2 is the matrix volume inside the cell: V ¼ V m þ P N q¼1 V q . Applying the Gauss' theorem leads to
where R is the cell outer surface and n i are the components of the unit normal vector. Taking into account the first of conditions (51) and decomposition u À ¼ E Á r þ u À f , we get expectedly
i.e., E has a meaning of the macroscopic strain tensor. Hence, all components of the effective stiffness tensor C Ã can be determined from (57) as hr ij i ¼ C Ã ijkl , where the stress field corresponds to the macroscopic strain
The macroscopic stress tensor can be written in the following form
Therefore, we need to integrate the strains over the fiber volume only. By Gauss' theorem, integrals in (57) are reduced to
which can be obtained analytically. In the anti-plane shear problem, only the I 13 and I 23 are non-zero. It is convenient to evaluate the following combination of these two:
Taking account the explicit form of w þ q series expansion at the interface¼ R (23)
we find
This formula, together with (57) and (60), is sufficient for the determination of the effective moduli C 
where, according to (53),
Its substitution into (66) gives
In the same manner,
The Fourier series expansion for v þ q has the form (67), with replacement of p þ j by q þ j . After some algebra, one finds
Finally,
and
In order to evaluate the rest of the effective moduli, namely C , one has to consider additionally the generalized plane strain problem. As we mentioned already, it is rather technical problem: we do not consider it here and refer the interested reader to the paper by Golovchan (1982b) where it has been discussed in detail.
Numerical example
The problem studied above has a number of parameters and its exhaustive parametric study is the subject of a separate paper. We restrict our numerical study to anti-plane shear problem for a composite with a squared array of fibers and give only a few numerical examples showing the way and extent to which the convergence rate of solution, interface stress concentration and effective stiffness are affected by the volume fraction of fibers, elastic properties and loading type.
The series solution we have derived above is an accurate, asymptotically exact one. It means that, in order to get the exact values for the many-fiber model of FRC, one has to solve a whole infinite set of linear equations. In practice, it is solved by applying the truncation method which means that only a certain finite number of harmonics N harm and equations N eqn ¼ 4N harm N fib , is retained in (32) and (56). Based on an asymptotic analysis of these linear sets, it can be proven rigorously (Kantorovich and Krylov, 1964) that an approximate solution obtained in this way converges to an exact one with N eqn ! 1. Thus, any desirable accuracy can be achieved by the proper choice of N eqn . So, for the well-separated fibers (dilute composite case), even a single fiber approximation ðN harm ¼ 1Þ appears to be reasonably good. The smaller the distance between the fibers, the higher is the order of Fourier harmonics retained in the numerical solution to ensure an appropriate accuracy of computations. It is hard to believe that there exists a general rule and, probably, the best way is to find N eqn from a series of numerical experiments for each specific problem. Some idea of convergence rate as a function of the volume fraction c ¼ pR 2 =a 2 can be drawn from Table 1 , where the maximum interface traction max t n =C In this and the next example, the fibers are assumed to be rigid. As seen from the table, up to c ¼ 0:25 already N harm ¼ 10 provides a four-digit accuracy of stress evaluation at the interface point where the stress peak value (and, expectably, lowest convergence rate) is observed. At the same time, for the nearly touching fibers (for c ¼ 0:75, a ¼ 2:046R) as many as 40 harmonics are required to get a practically convergent solution: deviation from the accurate data obtained independently by the finite element method (the last line of Table 1 ) does not exceed 0.2%. Based on this observation, the value N harm ¼ 40 is adopted for all subsequent calculations. Noteworthy, the expressions for effective moduli involve only the first series expansion coefficients and therefore their convergence rate and thus accuracy for a given N harm is much higher in comparison with the corresponding local stress field.
The curves in Fig. 2 demonstrate an effect on the interface traction t n of the volume fraction and loading type. The solid lines 1-4 represent t n =C À 44 for E 13 ¼ 0; E 23 ¼ 1 and c ¼ 0:1, 0.3, 0.5 and 0.7, respectively. The dashed lines 5-8 represent t n =C À 55 for E 13 ¼ 1; E 23 ¼ 0 and c ¼ 0:1, 03, 0.5 and 0.7. As calculations show, the stress concentration vary greatly depending on the loading type and volume fraction of fibers. In particular, in the high-filled composite with c ¼ 0:75; max t n more than 30 times exceeds the analogous value observed on a single fiber embedded in an infinite matrix (c ¼ 0). In Table 2 , the components C can vary widely depending on the structure parameters of composites. On one hand, it makes prediction of their elastic behavior a rather complicated problem and justifies development and application for their study of the accurate methods. On the other hand, such a structural sensitivity opens a wide opportunity for solving the optimization problems, i.e., designing the composites with a required set of mechanical properties by a proper combination of anisotropic constituents. Hopefully, the analytical method developed in this paper is sufficiently flexible and efficient to provide substantial help in solving the problems of this kind.
Conclusions
An accurate analytical, multipole expansion type method has been developed to study local stress fields and effective stiffness of a unidirectional fiber reinforced composite with anisotropic phases. The most general anisotropy type allowable for 2D statement is considered and the asymptotically exact series solutions have been obtained in a unified manner for a series of composite model problems. By using the complex potentials in proper form and presently develoiped re-expansion formulas for them, the model boundary-value problem has been reduced to an ordinary system of linear algebraic equations. It provides high numerical efficiency of the developed method and hence its applicability to the large-scale numerical simulation of composite structures. For brevity sake, our consideration was intentionally confined by the composites with fibers of circular cross-section. The developed accurate analytical approach, with minor modifications, can be extended to composites containing fibers of elliptic cross-section and/or straight line cracks.
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